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Effect of Transverse Enthalpy
Gradient on Blunt Body Pressure
Distributions in Hypersonic Flow

DARRELL BROOKE* AND RICHARD E. THOMAS!
The Ohio State University, Columbus, Ohio

IT has been found that the flow produced in an arc-heated
facility is likely to have transverse gradients in total

enthalpy. Greenshields1 measured average core gradients of
the order of 81 Btu/lbm/in. in the Langley Field 2500-kw
,-arc tunnel. An experimental investigation was conducted at
The Ohio State University Aerodynamic Laboratory to deter-
mine whether a stream with transverse total enthalpy gra-
dient was an acceptable medium for model pressure testing.
The effect of total enthalpy gradient on the pressure distribu-
tion over a blunted 9° cone was investigated in a Mach 10
wind tunnel designed to produce enthalpy gradient flow. The
results of this investigation are presented here. A more com-
plete description of the experimental work may be found in
Kef. 2.

Transverse total enthalpy gradients as high as 80 Btu/lbm/
in. were induced in the test region of the 3-in. Mach 10 nozzle
by the injection of unheated air along the nozzle wall up-
stream of the sonic throat. The strength of the induced
gradient was dependent on the stagnation temperature of the
air issuing from the heater and the mass fraction of unheated
.air injected into the nozzle. The enthalpy gradients were
-determined with a self-aspirating thermocouple temperature
probe calibrated for local stagnation temperature in terms of
measured temperature and impact pressure. Preliminary
studies with the air injection nozzle are described in Ref. 3.

The model tested in the enthalpy gradient flow was a 9°
blunted cone with nose to base radii in the ratio of one
-to four. The model, with five pressure orifices on the conical
.surface, was tested at zero angle of attack in flows having
three different levels of enthalpy gradient as well as in flow
with no gradient. Estimates of the possible measuring errors
indicated that the probable error in the model pressure ratios
should be less than ±4%. The model pressure ratios from
all the model tests are compared in Fig. 1 using a representa-
tive zero gradient test as the reference. On the basis of this
-comparison, it must be concluded that the induced enthalpy
gradients had no measurable effect on blunt body pressure
Tatios.

The nozzle surveys showed that there were negligible trans-
verse Mach number gradients induced in the nozzle test re-
gion because of the enthalpy gradient. According to New-
tonian impact theory, the pressure at a point on the body is

P = PC* + 2 qm sin20
where Pco is the freestream static pressure, q«, is the free-
stream dynamic pressure, and 6 is the angle of the surface rel-
.ative to the flow direction. Since the Mach number across
the core can be considered constant, it follows that Poo and

.#«> are also constant whether there is an enthalpy gradient or

.not. Thus, Newtonian theory predicts no effect of enthalpy
gradient on the pressure distribution on the body. It should
be noted that this simplified theory does not account for any

; rotational effects produced by the enthalpy gradients and that
it is only applicable to "cold" flow and "frozen" flow where 7,
the ratio of specific heats, can be considered constant across
the core of the nozzle.

The results of the enthalpy gradient study indicate that the
presence of large total enthalpy gradients across the test re-
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Fig. 1 Comparison of model pressure data.

gion will not significantly affect the pressure ratios obtained
experimentally over a blunted body in cold or frozen flows.
This result may not be applicable for sharp nosed bodies.
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Air lonization in the Hypersonic
Laminar Wake of Sharp Cones

F. L. FERNANDEZ* AND E. S. LEVINSKY!
Aerospace Corporation, San Bernardino, Calif.

Introduction

HPHE principal sources of plasma generation in the flow
-*• field of a sharp slender re-entry body are the boundary

layer and laminar wake.1"5 This note compares the relative
influence of these two sources of electron production on the
re-entry radar observables. The authors have previously
presented scaling laws for nonequilibrium ionization in the
laminar boundary layer of sharp cones.6 These scaling laws
were based on a simplified model of clean air ionization ki-
netics and gave reasonable agreement with the more exact
numerical solutions.3'5

In the same spirit, scaling laws are developed herein for
clean air ionization in the laminar wake. In lieu of avail-
able test data, an examination of the numerical laminar wake
solutions of Lien et al.,2 Li,4 and Pallone et al.7 shows that
species diffusion and fluid entrainment are much weaker than
in the laminar boundary layer with a catalytic wall and that
the most important single parametdr is the peak static
enthalpy. The results also show that a nearly constant static
enthalpy level is maintained along the wake centerline.
Although the pressure in the laminar wake is approximately
ambient, about one order below that on the cone, the corn-
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Fig. 1 Wake centerline velocity growth for slender cones.

pensating effects of long incubation periods (low velocity),
small diffusion rates, small wake growth, elimination of the
Mangier dilatant effect of the cone boundary layer,6 and long-
running lengths all tend to increase electron production in the
laminar wake with respect to that in the cone boundary layer.
A relatively rapid decay in the centerline electron density is
predicted following wake transition.1-4'8 Thus, peak electron
density levels should occur in the laminar wake or at the
transition front.

In the following analysis, the flow is considered frozen at
the boundary-layer composition in the free shear layer of the
base flow region because of the rapid expansion. Electron
production is restarted near the wake neck where the pressure
rises to near ambient values. It is assumed that electrons
are produced in the laminar wake until either local equilib-
rium ionization levels are reached or until wake transition
occurs. The results of the approximate solutions are com-
pared with the more exact calculations.2'7 Scaling laws for
the effect of body size, shape, and altitude on wake electron
production are given, and comparisons with boundary-layer
electron density values are made for the assumption that
peak wake and boundary-layer enthalpies are equal. It is
recognized that the determination of the actual wake enthalpy

s- 1°'ay
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Fig. 2 Comparison of approximate solution with more
exact results.

must await a detailed analysis of the base flow region and/or
experimental wake surveys.

Discussion

For axisymmetric flow, neglecting pressure gradient terms
and assuming binary diffusion with constant Schmidt number
Sc, the conservation of species and momentum equations
along the wake centerline become7

TT io __ oPo(/0 ~

0

(1)

(2)

where p0, C;L, MO, and wlo are the respective axis density,
species mass fraction, viscosity, and species mass production
rate per unit volume, X is the axial distance from the wake
neck, and r the radial distance. Equations (1) and (2) may
be integrated formally along the wake centerline if the species
and velocity second derivatives are known and if the static
temperature or enthalpy h0 is given. Here ho is assumed con-
stant along the wake centerline, based on the results of
numerical calculations2-4'7 wherein h0 is found to be slowly
varying and near the peak boundary-layer value, h0 ~ Q.3Hm.

The two limiting cases of zero diffusion and of frozen chem-
istry across the wake are considered in evaluating the second
derivative te'rms. Zero diffusion Sc -*• oo leads to a stream-
tube analysis and should give the most rapid ionization on
the wake centerline. For frozen chemistry across the wake,
the species distributions across the wake are approximated by

— Cie

7 (3)

where U = U/Ue, and the subscripts e and 0 refer to wake
edge and centerline conditions, respectively. Equation (3) is
readily shown to be valid in the frozen asympototic far wake
and valid everywhere in the frozen wake for Sc = 1. Equa-
tion (3) should lead to minimal ionization rates along the wake
centerline.

Neglecting diffusion, Eq. (1) may be integrated directly to

(4)

(5)

On the other hand, Eqs. (1-3) can be combined to give

dCiQ _ (Cic - CiQ\ dUp Wio I
J V ' TT TTa A po UQUedX i -

Thus, Eq. (3) leads to a centerline species production rate ex-
plicitly independent of Schmidt number. For constant
Cie, Eq. (5) integrates to

dX
ffod -

7h(0) - Cie\ (6)

Wake velocity growth
Consider again the momentum equation. Letting

IV
2

gives
dUa 2t*> 1

(7)

(8)

where d is the body diameter and re the wake radius. As-
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suming that the velocity can be represented by a second-order
polynomial in Y with boundary conditions

(0) = 0
gives

(U - ff0)/(l - U») = F* (9)
Equating momentum defect in the near wake to that con-
tained in the boundary layer gives

(Wo) - F2(UQ)]PeUe*YN* = Df/2ird* (10)
where

F' = Jo' °!?df

and where Df is the body friction drag. Equation (10) can
be solved for F^2 as a function of U0. Substitution into Eq.
(8) gives

Equation (11) integrates to

&
'{(^ 2U (12)

or, for small UQ,

where

Figure 1 is a plot of Eqs. (12) and (13). The parameter X is
the same as that used by Erdos9 to correlate exact numerical
solutions, and the results of these numerical calculations are
included in Fig. 1. The one-half power law, Eq. (13), gives
reasonable agreement with detailed calculations for U0 <
0.5 and is used in the near wake analysis that follows. Con-
sideration of higher-degree polynomials was found to offer
little improvement when compared with Ref. 9 and cannot be
substantiated because of the many assumptions already
made. Both Eqs. (12) and (13) are in error for large UQ, but
it is expected that most electron generation in the laminar
wake will occur at the lower velocities.

Laminar wake ionization
Using the simplified kinetics model,6 the one-half power

Jaw for t/o, and assuming constant temperature downstream
from the neck, Eqs. (4) and (6) may be integrated directly
giving

4.85 X
(271000)6-5

_
( (15)

where K is 0 if species diffusion is neglected [Eq. (4)], K is 1
including species diffusion [Eq. (6)], and where T is in degrees
Kelvin, P is in atmospheres, and X/U0 has units of seconds.
For small t/o, diffusion is seen to play a relatively minor role,
and ne/P ~ (PX/U0)S for a fixed temperature. It should be
noted that Eq. (15) neglects the cooling effect of oxygen dis-
.sociation. This effect can be accounted for as discussed in
Ref. 6. Figure 2 is a plot of Eq. (15) with the dissociative
cooling correction for various initial temperatures (vibrational
equilibrium). Included, also, are some results of Lien et al.2

Equation (15) can be used to compare electron production
rates in the laminar near wake and the laminar boundary
layer. For slender cone boundary-layer flows well out of
equilibrium and neglecting species diffusion, it can be shown
Irom Eq. (5) of Ref. 6 that

4.85
\ Us/2 (16)

8 CONE, 10ft LONG
U^ - 22,000 ft/sec

-T = 4650°K - FROZEN NECK TEMPERATURE -

Fig. 3 Peak boundary-layer and wake electron concentra-
tions.

where Us/2 is the velocity in the boundary layer at peak
temperature and X&/3' the distance along the cone surface re-
duced for the Mangier effect.

Numerical results6 indicate that boundary-layer diffu-
sion decreases ne/P5 by a factor of about 30 for flows well out
of equilibrium. Therefore, for the same peak neck and
boundary-layer temperature,

3/2

e boundary lajer
. (27)(30)

Considering a 10-ft, 8° cone at an altitude of 150,000 ft and
velocity of 21,600 fps, and using the drag coefficients pre-
sented in Ref. 9, gives

« 5 (18)
I* & boundary layer

Thus, for the same distance and initial temperatures, the peak
electron levels reached in the near wake will be about one-half
order of magnitude greater than those in the boundary layer.
Thus, as pointed out by Lees,l the rapid rate of electron gen-
eration in the laminar near wake dominates the electron ob-
servables of slender bodies at high altitudes.

Equation (15) may be used to obtain scaling laws for
laminar wake ionization since UQ ~ (X/Z)/)1/2. For geomet-
rically similar cones, at a given set of flight conditions, Df ~
d212, so that at the same X/d behind the cones, ne ~ d15/4. In
the boundary layer, ne ^ d3 so ft ~ d3/4 for similar bodies.
On the other hand, since Df ~ 0C

2 (Ref. 10) and in the
boundary layer, ne ~ 0C

8, ft ~ 1/0C
5, indicating that for in-

creasing cone angle the laminar wake is much less important,
provided peak temperatures in the neck and boundary layer
remain comparable. Of course, for large BC} the in viscid flow
field will dominate electron production. At different alti-
tudes, as long as equilibrium is not approached, ft ~ P3/4.

It can be concluded, therefore, that at the same x/d in the
laminar wake, ft ~ (Pd)s/4, as long as equilibrium is not
approached, viz., binary scaling.

Finally, Fig. 3 presents a calculation performed on an 8°
cone at 115 and 150 kft, assuming the peak neck and bound-
ary-layer temperatures are equal. The electron production
in the boundary layer and wake is shown, and the relative
rapidity of wake electron generation is demonstrated.
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- Symmetrical Buckling (Budiansky) (Weinitschke)

1.0 —

Asymmetrical Buckling of Spherical
Caps under Uniform Pressure

GAYLEN A. THURSTON*
Martin-Marietta Company, Denver, Colo.

Nomenclature
radius of curvature of shell
Young's modulus
height of shell center above plane through the edge
normal displacement of shell midsurface
circumferential average stress
shell thickness
number of circumferential waves in buckling mode
Poisson's ratio
geometrical parameter = 2[3(1 - *>2)]1/4(#//01/2

uniform normal pressure
buckling pressure
classical buckling pressure of complete spherical shell

a
E
PI
w
NQ
h
n
v
X
q
qcr

p = buckling pressure ratio = qcr/qo

SEVERAL investigators have explored the possibility that
accurate buckling loads for shells of revolution under

axisymmetric loads can be obtained by computing axisym-
metric equilibrium positions using nonlinear finite deflection
theory and then checking these equilibrium states for points

Table 1 Calculated buckling pressures p

This note Huang5

6

8

12

16

20

2
3
1
4
3
2
7
8
6
10
12
11
15
16
17

0.777
0.814
0.943
0.756
0.778
0.886
0.789
0.794
0.804
0.789
0.803
0.810
0.806
0.806
0.826

0.775
0.827
0.919
0.766
0.774
0.893
0.780
0.790
0.798
0.792
0.800
0.790
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Fig. 1 Stability curves compared with Parmerter's
experimental results.

of bifurcation into asymmetric buckling modes that differ
from the prebuckled modes by infinitesimal amounts. The
buckling criterion is the same as in classical bifurcation theory,
but the assumption of the linearized theory that the pre-
buckled state of stress can be represented by membrane
theory has been discarded. Steinla has used this approach
to compute the effect of simply supported edges on the stress
distribution and buckling loads of cylinders under axial com-
pression and uniform pressure. Huang,2 Weinitschke,lb and
Parmerter and Funglc have studied the asymmetric buckling of
clamped shallow spherical shells under uniform pressure.

This note presents buckling pressures for spherical caps ob-
tained from a digital computer program3 that is based on the
same type of analysis as the forementioned references but is
applicable to general shells of revolution. The program com-
putes buckling stresses due to external pressure, axial load,
torsion and axisymmetric temperature gradients, or combi-
nations of these. It can also compute natural frequencies of
free vibration of shells under all of these loads except torsion.

This solution is restricted to thin isotropic shells of revolu-
tion. The thickness and Young's modulus of the shell can
vary continuously in the meridional direction, but not in the
circumferential direction. The boundary conditions can be
any linear combination of stress resultants and deflections.

The buckling pressures for clamped spherical caps reported
by Huang do not agree with those of Weinitschke. Parmer-
ter4 has obtained results for a limited range of X that agree
with Huang's results. Table 1 lists buckling pressures from
the present computer program and corresponding data from
Huang's report.5 Huang's results are from shallow-shell
theory, whereas the pressures in this note are from a more
general theory with a semiapex angle of the shell of 11.5°;
both sets of calculations used v — -5-. The results of the two
theories show good agreement.

Figure 1 shows the envelope of Huang's buckling pressures
plotted as a function of X along with some recent experi-
mental results reported by Parmerter and the curve for axi-
symmetric snap buckling obtained by Budiansky6 and by
Weinitschke.7

Parmerter's experimental pressures are for near perfect
shells and some are actually higher than the theoretical curve
for bifurcation buckling, although they lie below the theo-
retical curve for snap buckling. A tentative explanation could
be that the asymmetric post-buckling equilibrium states are
stable at pressures near the bifurcation point. For large
values of X, the axisymmetric hoop stress and the asymmetric
normal deflection mode shape attain their maximum values
near the clamped boundary! (see Fig. 2). It is possible that
the clamped spherical cap can wrinkle near the edge in a
manner analogous to that of rectangular plates in compression.
A confirmation of this assumption would require actual asym-
metric solutions of the finite deflection equations for spherical
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f Huang5 derives an asymptotic solution for the boundary-
layer effect on the mode shape.
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